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PL[WXUH PRGHOV

IRU YDU DQG VWUHVV WHVWLQJ

0DUFR %HH

%DQFD ,QWHVD

5LVN 0RGHOOLQJ � 5LVN 0DQDJHPHQW

enUVW GUDIW � 0DUFK ���� � �

DEVWUDFW
,Q WKLV SDSHU ZH GHDO ZLWK WKH XVH RI PXOWLYDULDWH QRUPDO PL[WXUH GLVWULEXWLRQV WR

PRGHO DVVHW UHWXUQV� ,Q SDUWLFXODU� E\ PRGHOOLQJ GDLO\ DVVHW UHWXUQV DV D PL[WXUH RI D
ORZ�YRODWLOLW\ DQG D KLJK�YRODWLOLW\ GLVWULEXWLRQ� ZH REWDLQ WKUHH PDLQ UHVXOWV � �L� ZH FDQ
XVH SRVWHULRU SUREDELOLWLHV WR LGHQWLI\ KHFWLF REVHUYDWLRQV� �LL� ZH DUH DEOH WR FRPSXWH D
QRQSDUDPHWULF IDW�WDLOV 9DOXH DW 5LVN E\ VDPSOLQJ UHSHDWHGO\ IURP WKH PL[WXUH DQG FRP�
SXWLQJ WKH TXDQWLOH RI WKH HPSLULFDO GLVWULEXWLRQ� �LLL� ZH FDQ XVH WKH HVWLPDWHG SDUDPHWHUV
RI WKH KHFWLF GLVWULEXWLRQ IRU VWUHVV WHVWLQJ SXUSRVHV� :H VKRZ KRZ WKHVH WKUHH LWHPV FDQ
EH DGGUHVVHG XVLQJ HLWKHU UHDO GDWD DQG VLPXODWLRQ PHWKRGV�

e� � , ZLVK WR WKDQN /XFD &D]]XODQL� 9ODGLPLUR &HFL DQG :DOWHU 9HFFKLDWR IRU WKHLU FRPPHQWV

DQG VXJJHVWLRQV� $OO UHPDLQLQJ PLVWDNHV DUH PLQH RZQ�
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4 Lqwurgxfwlrq

6LQFH WKH ZRUN E\ 0DQGHOEURW ������ DQG )DPD ������� PDQ\ HPSLULFDO

DQDO\VHV KDYH IRXQG HYLGHQFH RI KHDY\ WDLOV LQ WKH PDUJLQDO GLVWULEXWLRQV RI

DVVHW UHWXUQV� 7KH LPSOLFDWLRQ LV WKDW WKH XVXDO QRUPDO�EDVHG 9DOXH DW 5LVN

�9D5� FDOFXODWLRQV DUH OLNHO\ WR EH PLVOHDGLQJ� LQ WKH VHQVH WKDW WKH\ ZRXOG

SURGXFH nJXUHV WKDW XQGHUHVWLPDWH DFWXDO ORVVHV�

2Q WKH RWKHU KDQG� VWUHVV WHVWLQJ DQDO\VHV DUH RIWHQ EDVHG RQ WKH YR�

ODWLOLW\ DQG FRUUHODWLRQ RI WKH �KHFWLF� REVHUYDWLRQV� L�H� WKH REVHUYDWLRQV

FRUUHVSRQGLQJ WR SHULRGV RI nQDQFLDO PDUNHWV
 FULVLV� EXW LW LV QRW FOHDU KRZ

WR LGHQWLI\ WKHVH SHULRGV� :KHUHDV WKLV ODVW SUREOHP LV VWLOO HVVHQWLDOO\ RSHQ�

PDQ\ VROXWLRQV WR WKH IDW�WDLOV SUREOHP KDYH EHHQ SURSRVHG LQ WKH OLWHUD�

WXUH� LQFOXGLQJ $5&+�W\SH PRGHOV� ([WUHPH 9DOXH 7KHRU\ DQG 6WRFKDVWLF

9RODWLOLW\ PRGHOV�

,Q WKLV SDSHU ZH IRFXV RQ WKH XVH RI PL[WXUH GLVWULEXWLRQV� ZKLFK SURYLGH

D JRRG ZD\ RI WDFNOLQJ ERWK SUREOHPV� 7KH EDVLF LGHD LV WKDW WKH GDWD JHQHUD�

WLQJ SURFHVV RI D WLPH VHULHV RI DVVHW UHWXUQV LV D PL[WXUH RI WZR GLVWULEXWLRQV

ZLWK D VLPLODU PHDQ EXW GLmHUHQW FRYDULDQFH PDWULFHV� LQ SDUWLFXODU LW LV QD�

WXUDO WR H[SHFW WKDW PRVW REVHUYDWLRQV DUH JHQHUDWHG E\ WKH ORZ�YRODWLOLW\

GLVWULEXWLRQ� ZKLOH WKH UHPDLQLQJ REVHUYDWLRQV DUH JHQHUDWHG E\ WKH KLJK�

YRODWLOLW\ �KHFWLF� GLVWULEXWLRQ� $V ZLOO EH VHHQ LQ WKH IROORZLQJ VHFWLRQV� WKLV

DSSURDFK FDQ EH FRQVLGHUHG DV D WRRO IRU UHDFKLQJ WKUHH GLmHUHQW JRDOV�

�L� LGHQWLI\LQJ FRUUHFWO\ WKH REVHUYDWLRQV JHQHUDWHG E\ HDFK GLVWULEXWLRQ�

�LL� HVWLPDWLQJ D IDW�WDLOV 9D5�

�LLL� SHUIRPLQJ VWUHVV WHVW DQDO\VHV XVLQJ WKH SDUDPHWHUV RI WKH KLJK�YRODWLOLW\

GLVWULEXWLRQ�

7KH UHVW RI WKH SDSHU LV RUJDQL]HG DV IROORZV� LQ VHFWLRQ � ZH LQWURGXFH

WKH VWDWLVWLFDO PRGHO DQG LWV PRVW LPSRUWDQW SURSHUWLHV� LQ VHFWLRQ � ZH H[�

SODLQ KRZ LW FDQ EH XVHG LQ D ULVN PDQDJHPHQW IUDPHZRUN� LQ VHFWLRQ � ZH

DSSO\ WKH PHWKRGRORJ\ WR UHDO DQG VLPXODWHG GDWD DQG SUHVHQW WKH UHVXOWV�

VHFWLRQ � FRQFOXGHV�

5 D Prgho iru Dvvhw Uhwxuqv

,Q WKLV VHFWLRQ ZH GHnQH WKH VWDWLVWLFDO PRGHO ZKLFK ZLOO EH XVHG WR

GHVFULEH WKH EHKDYLRU RI DVVHW UHWXUQV DQG GHULYH VRPH RI LWV SURSHUWLHV� ,Q WKH

QH[W VHFWLRQ ZH ZLOO VKRZ KRZ WKHVH SURSHUWLHV FDQ EH XVHG IRU RXU SXUSRVHV�
�*LYHQ D YHFWRU RI S DVVHW UHWXUQV \  �< c c c < �� LW LV FRQYHQLHQW� S

�WR SDUWLWLRQ LW LQWR D VHW RI FRUH DVVHWV \  �< c c c < � DQG D VHW RI� T�
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�SHULSKHUDO DVVHWV \  �< c c c < �� /HW WKH GHQVLW\ RI WKH �S d ��T�� S�
� � �UDQGRP YHFWRU \  �\ \ � EH� �

I �|�  { I �|� � { I �|����� ���\ � �\ \

�L� �L�ZKHUH {  � b { DQG I �|� LV WKH 1�x �	 � GHQVLW\� ,Q SDUWLWLRQHG�L�� � \

IRUP� WKH H[SHFWHG YDOXH DQG FRYDULDQFH PDWUL[ RI \ LQ WKH WZR SRSXODWLRQV

DUH JLYHQ E\

t u�L�
x�L� �( �\�  x  � L  �� ��L �L�
x�t u�L� �L�
	 	�L� �� ��FRY �\�  	  � L  �� ��L �L� �L�
	 	�� ��

ZKHUH WKH QRWDWLRQ ( � FRY �\� PHDQV WKDW WKH H[SHFWDWLRQ DQG FRYDULDQFHL L

PDWUL[ DUH FRPSXWHG ZLWK UHVSHFW WR WKH L�WK GLVWULEXWLRQ� 7KH PD[LPXP
��� ��� ��� ���OLNHOLKRRG HVWLPDWRUV RI WKH SDUDPHWHUV { �x �x �	 �	 FDQ EH REWDL��

QHG XVLQJ WKH (0 DOJRULWKP >IRU GHWDLOV VHH 0F/DFKODQ DQG .ULVKQDQ ������@�

$V D E\�SURGXFW� WKH DOJRULWKP SURYLGHV XV ZLWK WKH VR FDOOHG SRVWHULRU SUR�

EDELOLWHV ~ �| ��L M

A{ I �| � t��L�L M\A~ �| � t�  � ���L M A A{ I �| � t� � { I �| � t���� ���� M � M\ \

� �� ��� ��� ��� � ��� �ZKHUH t  �{ x x YHF�	 � YHF�	 � �� ��� UHSUHVHQWV WKH�

SUREDELOLW\� FRPSXWHG RQ WKH EDVLV RI WKH HVWLPDWHG SDUDPHWHUV� WKDW DQ

REVHUYDWLRQ FRPHV IURP WKH L�WK SRSXODWLRQ� ,W LV RIWHQ FDOOHG SRVWHULRU SUR�

EDELOLW\ RI WKH M�WK REVHUYDWLRQ�

)LQDOO\� LW LV SRVVLEOH WR HYDOXDWH WKH FRQGLWLRQDO H[SHFWDWLRQ RI \ JLYHQ�

\ LQ HDFK SRSXODWLRQ��

�L� �L� �L� �L� �L�b�( �\ M\  | �  x  x �	 �	 � �| b x �� L  �� �� ���L � � � ���� � �� �� �

:H H[SHFW WKLV FRQGLWLRQDO H[SHFWDWLRQ� ZKHQ FRPSXWHG XVLQJ WKH �HVWLPD�

WHG� SDUDPHWHUV RI WKH KLJK�YRODWLOLW\ GLVWULEXWLRQ� WR UHoHFW WKH UHDFWLRQ RI

WKH SHULSKHUDO DVVHWV DFFRUGLQJ WR WKH YRODWLOLWLHV DQG FRUUHODWLRQV RI WKH KHF�

WLF SHULRGV�
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6 Pl{wxuh Prghov lq Ulvn Pdqdjhphqw

0L[WXUH PRGHOV FDQ EH XVHG IRU ULVN PDQDJHPHQW SXUSRVHV DV RXWOLQHG

LQ VHFWLRQ ��

&RQVLGHU nUVW WKH SUREOHP RI LGHQWLI\LQJ SHULRGV RI nQDQFLDO PDUNHWV WXU�

PRLO� 7KLV LVVXH LV RIWHQ LPSRUWDQW EHFDXVH VWDWLVWLFDO SURSHUWLHV RI WKH GDWD

JHQHUDWLQJ SURFHVV FKDQJH FRQVLGHUDEO\ LQ WXUEXOHQW SHULRGV� LQ SDUWLFXODU�

FRUUHODWLRQV EHWZHHQ DVVHW UHWXUQV DUH GLmHUHQW LQ VWUHVVIXO DQG TXLHW PDUNHW

FRQGLWLRQV� D SKHQRPHQRQ NQRZQ E\ WKH QDPH FRUUHODWLRQ EUHDNGRZQ >VHH

%R\HU� *LEVRQ DQG /RUHWDQ ������ DQG /RUHWDQ DQG (QJOLVK ������@� $FFRU�

GLQJ WR WKLV nQGLQJ� D QDLYH PHWKRGRORJ\ RI SHUIRUPLQJ VWUHVV WHVW DQDO\VHV

FRQVLVWV LQ HVWLPDWLQJ FRUUHODWLRQV XVLQJ RQO\ REVHUYDWLRQV IURP KHFWLF SH�

ULRGV� ZKLFK SRVHV WKH SUREOHP RI LGHQWLI\LQJ WKH REVHUYDWLRQV WR EH XVHG�

,PSOLFLWO\� WKLV DSSURDFK DVVXPHV WKDW WKH REVHUYDWLRQV DUH JHQHUDWHG E\ D

PL[WXUH RI ORZ� DQG KLJK�YRODWLOLW\ GLVWULEXWLRQV DQG WKHUHIRUH� LI ZH LQWUR�

GXFH H[SOLFLWO\ WKLV DVVXPSWLRQ� ZH FDQ XVH ��� WR FRQFOXGH WKDW | LV DQM

AKHFWLF REVHUYDWLRQ LI DQG RQO\ LI ~ �| �t� ! ����� M

2QFH ZH KDYH HVWLPDWHG WKH SDUDPHWHUV RI WKH PL[WXUH� ZH FDQ HDVLO\

JHW D IDW�WDLOV 9D5� D PL[WXUH GLVWULEXWLRQ LV LQGHHG DEOH WR DSSUR[LPDWH DU�

ELWUDULO\ ZHOO DQ\ GLVWULEXWLRQ� DQG WKHUHIRUH� LI WKH GLVWULEXWLRQ RI WKH GDWD

LV OHSWRNXUWLF� WKH QRQ�SDUDPHWULF 9D5 REWDLQHG E\ 0RQWH &DUOR VLPXODWLRQ

IURP WKLV GLVWULEXWLRQ ZLOO UHoHFW WKLV IHDWXUH� WKDW LV� ZLOO EH ODUJHU �LQ DE�

VROXWH YDOXH� WKDQ WKH QRUPDO RQH� 1RWLFH WKDW WKLV LV VWLOO D UHVXOW UHODWHG WR

�QRUPDO� PDUNHW FRQGLWLRQV EHFDXVH LW XVHV DOO WKH REVHUYDWLRQV WR DGGUHVV

WKH SUREOHP RI IDW WDLOV� 2Q WKH RWKHU KDQG� LI ZH ZDQW WR SHUIRUP VWUHVV WHVW

DQDO\VHV �L�H� ZH GHFLGH WR IRFXV RQ KHFWLF REVHUYDWLRQV�� ZH FDQ REWDLQ D
����SDUDPHWULF RU QRQSDUDPHWULF� 9D5 XVLQJ WKH FRYDULDQFH PDWUL[ 	 RI WKH

KLJK�YRODWLOLW\ GLVWULEXWLRQ�

$V IRU VWUHVV WHVWLQJ� WKH LGHD >VHH .LP DQG )LQJHU ������@ FRQVLVWV LQ
���VKRFNLQJ WKH FRUH DVVHWV \ DQG FRPSXWLQJ WKH PRYHPHQW RI WKH SHULSKHUDO

��� ��� ���DVVHWV \ DV WKH FRQGLWLRQDO H[SHFWDWLRQ ( �\ M\ ���

7 Dssolfdwlrqv dqg uhvxowv

+l, Lghqwli|lqj khfwlf revhuydwlrqv� ,Q RUGHU WR DVVHVV ZKHWKHU SRVWHULRU

SUREDELOLWLHV JLYH FRUUHFW LQGLFDWLRQV DERXW WKH SRSXODWLRQ PHPEHUVKLS RI

DQ REVHUYDWLRQ� ZH SHUIRUPHG DQ H[SHULPHQW EDVHG RQ VLPXODWHG GDWD� ZH

JHQHUDWHG ��� REVHUYDWLRQV IURP WKH PL[WXUH

I�|�  ���I �|� � ���I �|�� ���� �
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��� ��� ��� ���ZKHUH I �|� z 1 �3�	 � DQG I �|� z 1 �3�	 �� 	 DQG 	 DUH JLYHQ� � � �

E\ � �
����� ����� b���� b����� �����
����� ����� ����� b����� b�����% &% &���	  b����� ����� ����� b����� b����� �% &# $
b����� b����� b����� ����� b�����
����� b����� b����� b����� ������ �
� ����� b���� b����� �����

����� � ����� b����� b�����% &% &���	  b����� ����� � b����� b����� �% &# $
b����� b����� b����� � b�����
����� b����� b����� b����� ��

��� ���1RWLFH WKDW 	 GLmHUV IURP 	 RQO\ IRU WKH YDULDQFHV� ZKLFK DUH PXFK

ODUJHU LQ WKH VHFRQG SRSXODWLRQ�

8QOLNH WKH PXOWLYDULDWH QRUPDO FDVH� LQ WKH PXOWLYDULDWH QRUPDO PL[WXUH

VHWXS WKH HVWLPDWHV RI WKH SDUDPHWHUV REWDLQHG ZLWK PDUJLQDO DQG IXOO GL�

PHQVLRQDO GDWD DUH QRW WKH VDPH >IRU GHWDLOV VHH %HH ������@� )RU WKLV UHDVRQ

ZH VKRZ EHORZ WKH HVWLPDWHV REWDLQHG ZLWK nYH�� WZR� DQG RQH�GLPHQVLRQDO

GDWD� :LWK nYH�GLPHQVLRQDO GDWD ZH JHW�

A{  �������
����Ax  �b����� b����� b����� ����� ����� � �
����Ax  �b����� ����� b����� ����� b����� � �

��� �AGLDJ�	 �  � ����� ����� ����� ����� ����� � �

��� �AGLDJ�	 �  � ������ ����� ����� ����� ������ � �

:LWK ELYDULDWH GDWD �WKH GDWD RI WKH nUVW WZR FRPSRQHQWV RI \� WKH UHVXOWV

DUH�

� ���� ���A AA{  ������ x  �b����� b����� � � x  �b����� ����� � ��

��� � ��� �A AGLDJ�	 �  � ����� ����� � � GLDJ�	 �  � ������ ����� � �

)LQDOO\� ZLWK XQLYDULDWH GDWD �WKH GDWD RI WKH nUVW FRPSRQHQW RI \� ZH JHW

��� ���A{  ������ Ax  b������ Ax  �������

� �A}  ������ A}  ������� �

)LJXUHV � WR � VKRZ WKH SRVWHULRU SUREDELOLWLHV WKDW DQ REVHUYDWLRQ FRPHV

IURP WKH KLJK�YRODWLOLW\ GLVWULEXWLRQ� FRPSXWHG UHVSHFWLYHO\ ZLWK nYH�YDULDWH�

0DUFK ���� SDJH �



ELYDULDWH DQG XQLYDULDWH GDWD� 1RWLFH WKDW� DOWKRXJK DW nUVW VLJKW WKH JUDSK LQ

nJXUH � LV PRUH FRQYLQFLQJ� WKH JUDSKV LQ nJXUHV � DQG � DUH PRUH LQIRUPDWLYH�

DV D IHZ VPDOO �LQ DEVROXWH YDOXH� UHWXUQV DUH DFWXDOO\ JHQHUDWHG E\ WKH KLJK�

YRODWLOLW\ GLVWULEXWLRQ� )RU FRPSDULVRQ� nJXUH � VKRZV WKH UHVXOWV RI WKH VDPH

0RQWH &DUOR H[SHULPHQW� EXW ZLWK REVHUYDWLRQV JHQHUDWHG E\ D PL[WXUH ZKRVH
����VHFRQG FRPSRQHQW KDV D PHDQ YHFWRU HTXDO WR x  � � � � � � �� ,Q

WKLV FDVH� ZKHUH SRSXODWLRQ PHPEHUVKLS LV HVVHQWLDOO\ NQRZQ� HVWLPDWLQJ WKH

SRVWHULRU SUREDELOLWLHV ZLWK IXOO GDWD JLYHV H[WUHPHO\ SUHFLVH UHVXOWV� $Q\ZD\�

LQ DOO FDVHV WKH SRVWHULRU SUREDELOLW\ LQGLFDWHV WKDW ZH DUH HVVHQWLDOO\ FHUWDLQ

DERXW SRSXODWLRQ PHPEHUVKLS RI WKH ODUJH �LQ DEVROXWH YDOXH� REVHUYDWLRQV�

DQG WKLV LV WKH PRVW LPSRUWDQW UHVXOW IRU RXU SXUSRVH�

0DUFK ���� SDJH �

Fig. 1 - Posterior probability as function of returns - univariate data
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Fig. 2 - Posterior probability as function of returns - bivariate data
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)URP WKHVH UHVXOWV LW LV QRW FOHDU ZKHWKHU RQH VKRXOG XVH XQLYDULDWH�

ELYDULDWH RU S�YDULDWH GDWD� $V IRU WKH HVWLPDWLRQ RI SDUDPHWHUV� VRPH UHVXOWV

KDYH EHHQ GHULYHG E\ %HH DQG )OXU\ ������� 5RXJKO\ VSHDNLQJ� WKH\ VKRZHG

WKDW WKH XVH RI DGGLWLRQDO PDUJLQDO GLVWULEXWLRQV LV RQO\ FRQYHQLHQW ZKHQ WKH\

SURYLGH UHOHYDQW LQIRUPDWLRQV DERXW WKH VHSDUDWLRQ RI WKH WZR SRSXODWLRQV� ,Q

RXU FDVH WKH PHDQV RI WKH WZR SRSXODWLRQV DUH DOPRVW LGHQWLFDO� DQG WKHUHIRUH

WKH FRQWULEXWLRQ RI DGGLWLRQDO PDUJLQDO GLVWULEXWLRQV LV DOPRVW QHJOLJLEOH�

:KHQ WKH PHDQV DUH VLPLODU� WKH UHVXOWV REWDLQHG ZLWK WKH WZR DSSURDFKHV

DUH VLPLODU DV ZHOO�

.LP DQG )LQJHU
V ������ PHWKRG FRQVLVWV LQ HVWLPDWLQJ VHSDUDWHO\ HDFK

0DUFK ���� SDJH �

Fig. 3 - Posterior probability as function of returns - multivariate data
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Fig. 4 - Posterior probability as function of returns - different mean vectors
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ELYDULDWH PL[WXUH GLVWULEXWLRQ� 7KHUHIRUH� LI ZH DUH ZRUNLQJ ZLWK S ULVN

IDFWRUV DQG ZH ZDQW WR HVWLPDWH DOO WKH SDUDPHWHUV� ZH KDYH WR HVWLPDWH

S�Sb �� � GLmHUHQW PL[WXUH GLVWULEXWLRQV�

$V WR WKH SUREOHP RI XVLQJ WKH IXOO�GLPHQVLRQDO DSSURDFK RU .LP DQG

)LQJHU
V DSSURDFK� IURP D FRPSXWDWLRQDO SRLQW RI YLHZ WZR UHPDUNV KDYH WR

EH GRQH� :KHQ ZH XVH WKH IXOO�GLPHQVLRQDO DSSURDFK ZH JHW DOO WKH HVWLPDWHV

E\ UXQQLQJ WKH DOJRULWKP RQFH� ZKHUHDV LI ZH HVWLPDWH VHSDUDWHO\ DOO WKH

ELYDULDWH PL[WXUHV ZH KDYH WR UXQ WKH DOJRULWKP S�Sb�� � WLPHV� ,Q DGGLWLRQ�

LQ WKH ELYDULDWH DSSURDFK WKH HVWLPDWHV RI WKH H[SHFWHG YDOXH DQG YDULDQFH

RI D YDULDEOH ZLOO EH GLmHUHQW GHSHQGLQJ RQ ZKLFK ELYDULDWH GLVWULEXWLRQ ZH

FRQVLGHU� IRU H[DPSOH� LI ZH KDYH MXVW WKUHH YDULDEOHV� ZH QHHG WR HVWLPDWH

HLWKHU FRY�< � < � DQG FRY�< � < �� ,Q ERWK FDVHV ZH JHW DQ HVWLPDWH RI x DQG� � � � �

�} � EXW WKHVH WZR HVWLPDWHV ZLOO QRW EH WKH VDPH� DQG LQ JHQHUDO WKHUH LV QR�

D SULRUL UHDVRQ WR SUHIHU RQH RI WKHP� ,Q RXU FRQWH[W� LW PLJKW EH UHDVRQDEOH
� �WR FKRRVH A}  PD[ A} � L  �� � � � � S���L�SL L

2Q WKH RWKHU KDQG� LI WKH GLPHQVLRQ S LV �WRR ODUJH�� LQ WKH IXOO GLPHQVLR�

QDO FDVH D SUREOHP RI PXOWLFROOLQHDULW\ PLJKW DULVH� DQG WKH DOJRULWKP ZRXOG

QRW FRQYHUJH� )URP QXPHULFDO H[SHULPHQWV� S EHFRPHV WRR ODUJH ZKHQ LW LV

ODUJHU WKDQ� DSSUR[LPDWHO\� D QXPEHU EHWZHHQ �� DQG ���

7KH ELYDULDWH DSSURDFK XVHG LQ .LP DQG )LQJHU ������ RYHUFRPHV WKH

GLPHQVLRQDOLW\ SUREOHP� EXW LV FRPSXWDWLRQDOO\ PXFK KHDYLHU�

+ll, YdU� $V IRU WKH FRPSXWDWLRQ RI D IDW�WDLOV 9D5� ZH SUHVHQW HLWKHU D UHDO

GDWD H[DPSOH DQG VRPH VLPXODWLRQ UHVXOWV� :H HVWLPDWH D ���GLPHQVLRQDO

QRUPDO PL[WXUH FRQVLVWLQJ RI HTXLWLHV �0LEWHO� )WVH� 'D[� 6WDQGDUG 	 3RRU
V

DQG 1LNNH\ LQGLFHV� DQG ERQG LQGLFHV ���� \HDUV DQG ���� \HDUV EDVNHWV RI

JRYHUQPHQW (XURSHDQ� $PHULFDQ DQG -DSDQHVH ERQGV�� WKH GDWD FRQVLVW RI

GDLO\ UHWXUQV FRYHULQJ WKH SHULRG -XQ �� ���� � )HE �� ���� DQG ZHUH REWDLQHG
70IURP %ORRPEHUJ � 7KH SRUWIROLR LV EDODQFHG VR WKDW WKH ZHLJKWV RI HTXLWLHV

DQG ERQGV DUH WKH VDPH�

7DEOH � VKRZV WKUHH GLmHUHQW 9D5 PHDVXUHV FRPSXWHG DW IRXU GLmHUHQW

FRQnGHQFH OHYHOV IRU WKH GDWD DW KDQG� ZH FRPSXWHG nUVW WKH 9D5 EDVHG RQ
���AWKH �KHFWLF� FRYDULDQFH PDWUL[ 	 � ZKLFK WXUQV RXW WR EH� DV H[SHFWHG� WKH

ODUJHVW RQH IRU DOO FRQnGHQFH OHYHOV� ,Q DGGLWLRQ� ZH FRPSXWHG D �QRUPDO�

9D5 EDVHG RQ WKH HVWLPDWH RI WKH FRYDULDQFH PDWUL[ REWDLQHG XQGHU WKH

DVVXPSWLRQ WKDW WKH REVHUYDWLRQV DUH PXOWLQRUPDOO\ GLVWULEXWHG DQG D QRQ�

SDUDPHWULF 9D5 REWDLQHG IURP WKH PL[WXUH GDWD� $V IRU WKLV ODVW PHDVXUH�

ZH JHQHUDWHG ����� REVHUYDWLRQV IURP WKH PL[WXUH ZKRVH SDUDPHWHUV DUH WKH

0DUFK ���� SDJH �



HVWLPDWHV DW KDQG DQG REWDLQHG WKH PHDVXUHV VKRZQ LQ WKH IRXUWK FROXPQ RI

WDEOH �� 7KLV QXPEHU VKRXOG VWLOO EH LQWHUSUHWHG DV WKH PD[LPXP ORVV �ZLWK

��� SUREDELOLW\� LQ QRUPDO PDUNHW FRQGLWLRQV� DV LW XVHV DOO WKH REVHUYDWLRQV�

EXW LW WDNHV FDUH RI WKH IDW�WDLOV SUREOHP� 1RWLFH WKDW DW WKH ��� OHYHO WKH

�QRUPDO� DQG �PL[WXUH� 9D5 DUH HVVHQWLDOO\ LGHQWLFDO� ZKHUHDV� DV WKH OHYHO

JHWV ODUJHU� WKH PL[WXUH 9D5 LV DOVR ODUJHU WKDQ WKH QRUPDO 9D5�

Wdeoh 4

YdU YdU YdUkhf qrup pl{

��� b���� b���� b����
��� b���� b���� b����
��� b���� b���� b����
����� b���� b���� b����

7R JLYH DQ LGHD RI WKH SUHFLVLRQ RI WKHVH 9D5 PHDVXUHV� ZH ORRN DW WKH DFWXDO

ORVVHV� ,QGLFDWLQJ ZLWK U WKH SURSRUWLRQ RI WLPHV WKH UHWXUQ LV VPDOOHU WKDQF

F� ZH JHW WKH UHVXOWV VKRZQ LQ WDEOH ��

Wdeoh 5

u u ub���� b���� b����

����� ����� �����

u u ub���� b���� b����

����� ���� ��

u u ub���� b���� b����

���� �� ��

u u ub���� b���� b����

����� ����� �����

7KH FRQFOXVLRQ LV WKDW WKH QRUPDO 9D5 XQGHUHVWLPDWHV WKH DFWXDO H[ SRVW

ORVV� LQ SDUWLFXODU IRU KLJK FRQnGHQFH OHYHOV� ZKHUHDV WKH PL[WXUH 9D5 VKRZV

D PXFK EHWWHU SHUIRUPDQFH� 2Q WKH RWKHU KDQG� WKH 9D5 REWDLQHG ZLWK

WKH KHFWLF FRYDULDQFH PDWUL[ RYHUHVWLPDWHV WKH DFWXDO ORVV� WKLV IDFW LV QRW
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VXUSULVLQJ DV LW LV EDVHG RQO\ RQ WKH GLVWULEXWLRQ RI WKH KHFWLF REVHUYDWLRQV�

7KH WKUHH GLVWULEXWLRQV DUH VKRZQ LQ nJXUH ��

:H KDYH DOVR HVWLPDWHG VHSDUDWHO\ HDFK ELYDULDWH PL[WXUH GLVWULEXWLRQ
���DQG WKHUHIRUH HDFK HOHPHQW RI 	 � LQ WKLV FDVH WKH �KHFWLF� 9D5 WXUQV RXW WR

EH ����� �REYLRXVO\ WKH QRUPDO 9D5 REWDLQHG XQGHU WKH QRUPDOLW\ DVVXPSWLRQ

UHPDLQV HTXDO WR �������

,Q D VLPXODWLRQ VHWXS HTXDO WR WKH RQH XVHG IRU FRPSXWLQJ SRVWHULRU

SUREDELOLWLHV� EXW ZLWK Q  ������ WKH WKUHH 9D5 PHDVXUHV �IRU D SRUWIROLR

ZKHUH HDFK ULVN IDFWRU KDV D ZHLJKW HTXDO WR ���� DUH VKRZQ LQ WDEOH � DQG WKH

H[ SRVW DFWXDO ORVVHV LQ WDEOH �� 7KHVH UHVXOWV VHHP WR FRQnUP WKRVH REWDLQHG

LQ WKH SUHFHGLQJ UHDO GDWD H[DPSOH� )RU KLJK FRQnGHQFH OHYHOV WKH PL[WXUH

9D5 LV PXFK PRUH SUHFLVH� 6LPLODU UHVXOWV DUH REWDLQHG E\ =DQJDUL �������

ZKR XVHV PL[WXUH PRGHOV LQ D %D\HVLDQ IUDPHZRUN�

0DUFK ���� SDJH ��
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Fig. 5 - Three VaR measures - 99% level

returns

Normal VaRNormal VaR = -1.49

Hectic VaR = - 2.27

Mixture VaR = -1.75



Wdeoh 6

YdU YdU YdUkhf qrup pl{
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Wdeoh 7
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u u ub���� b���� b����
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+lll, Vwuhvv Whvwlqj� :H QRZ WXUQ WR WKH XVH RI WKLV PRGHO IRU VWUHVV WH�

VWLQJ SXUSRVHV� 7KH DSSURDFK SURSRVHG E\ .LP DQG )LQJHU ������ FRQVLVWV

LQ FRPSXWLQJ WKH FRQGLWLRQDO H[SHFWDWLRQ ��� LQ WKH KHFWLF SRSXODWLRQ� L�H�
��� ���AAXVLQJ WKH SDUDPHWHUV x DQG 	 � $JDLQ� ZH UDQ D VLPXODWLRQ WR FRPSDUH

WKH SHUIRUPDQFH RI WKH nYH�YDULDWH DQG ELYDULDWH DSSURDFK DQG WR JHW DQ LGHD

RI KRZ PDQ\ REVHUYDWLRQV DUH QHHGHG LQ RUGHU WR REWDLQ D JRRG HVWLPDWH

RI WKH FRQGLWLRQDO H[SHFWDWLRQ� 7KHUHIRUH ZH nUVW JHQHUDWHG Q REVHUYDWLRQV

IURP WKH nYH�GLPHQVLRQDO PL[WXUH ���� $SSO\LQJ D VKRFN HTXDO WR ��} WR�

WKH ODVW YDOXH RI < � ZH FRPSXWHG WKH H[SHFWHG YDOXH XVLQJ WKH HVWLPDWHG SD��

UDPHWHUV REWDLQHG ZLWK nYH� DQG WZR�GLPHQVLRQDO GDWD� :LWK Q  ������ WKH

WUXH FRQGLWLRQDO H[SHFWDWLRQ� WKH nYH�GLPHQVLRQDO HVWLPDWH DQG WKH ELYDULDWH
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HVWLPDWH DUH UHVSHFWLYHO\ HTXDO WR

����x  ������ b����� b����� ����� � �
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:LWK Q  ����� ZH JHW
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:LWK Q  ����� WKH UHVXOWV DUH
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:LWK Q  ��� ZH JHW
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����
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���
Ax  b�������

:KHUHDV WKH GLmHUHQFHV EHWZHHQ WKH ELYDULDWH DQG nYH�YDULDWH DSSURDFK DUH

QHJOLJLEOH� LW LV FOHDU WKDW WKH VDPSOH VL]H Q SOD\V D FUXFLDO UROH� ,Q IDFW� LW LV

NQRZQ WKDW� ZKHQ WKH WZR SRSXODWLRQV DUH QRW ZHOO VHSDUDWHG� WKH PD[LPXP

OLNHOLKRRG HVWLPDWHV FRQYHUJH YHU\ VORZO\ WR WKH WUXH YDOXHV RI WKH SDUDPHWHUV

>IRU GHWDLOV VHH 0F/DFKODQ DQG .ULVKQDQ ������� SDJ� �������@�

)LQDOO\� ZH VWUHVV RXU SRUWIROLR� :H FRQVLGHU D VFHQDULR ZKHUH WKH VWRFN

PDUNHWV IDOO� LQ SDUWLFXODU ZH FKRRVH 6WDQGDUG 	 3RRU
V� 0LE�� DQG 'D[

DV FRUH DVVHWV� 7KH H[RJHQRXV VKRFNV RQ WKH FRUH DVVHWV DQG WKH HVWLPDWHG

PRYHPHQWV RI WKH SHULSKHUDO DVVHWV DUH VKRZQ LQ WDEOH � DQG ��

Wdeoh 8 0 Vkrfnv rq wkh fruh dvvhwv

6	3 0,%�� '$;

b��� b�� b��
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Wdeoh 9 0 Uhdfwlrq ri shulskhudo dvvhwv

$VVHW 5HWXUQ

1LNNH\ b�����

)76( b�����

86'�<5 b�����

86'��<5 b�����

*(5�<5 ������

*(5�<5 b�����

-$3�<5 b�����

-$3�<5 b�����

8.�<5 b�����

8.�<5 b����

$V ZDV WR EH H[SHFWHG� \LHOGV IDOO DV D UHVXOW RI SHRSOH VZLWFKLQJ IURP HTXLW\

WR ERQGV�

1RWLFH WKDW XVLQJ .LP DQG )LQJHU
V DSSURDFK LW ZRXOG RQO\ EH SRVVLEOH

WR FRPSXWH WKH FRQGLWLRQDO H[SHFWDWLRQV

( �< M<  \ �� L  �� �� � � � � S� L � M�� L M M

7KLV PHDQV WKDW ZH FDQ
W VWUHVV PRUH WKDQ RQH DVVHW DW D WLPH DQG VHH KRZ

WKH SHULSKHUDO DVVHWV UHDFW WR WKLV MRLQW PRYHPHQW� 7KXV LW ZRXOG QRW EH

SRVVLEOH WR SHUIRUP WKLV ODVW H[SHULPHQW�

8 Frqfoxvlrqv

,Q WKLV SDSHU ZH VKRZHG KRZ PL[WXUH PRGHOV FDQ EH XVHG IRU ULVN PD�

QDJHPHQW SXUSRVHV� 7KH PDLQ DSSOLFDWLRQV FRQFHUQ IDW�WDLOV 9D5 FDOFXOD�

WLRQV DQG VWUHVV WHVWLQJ� $V IRU 9D5 FDOFXODWLRQV� LW WXUQV RXW WKDW WKH QRQ�

SDUDPHWULF 9D5 REWDLQHG YLD 0RQWH &DUOR VLPXODWLRQ XVLQJ WKH FRYDULDQFH

PDWUL[ RI WKH PL[WXUH GLVWULEXWLRQ SURYLGHV D PHDVXUH ZKLFK LV PRUH SUHFLVH

WKDQ WKH RQH JLYHQ E\ WKH QRUPDO 9D5� D FRPSDULVRQ ZLWK WKH DFWXDO H[

SRVW ORVV FRQnUPV WKH DSSURSULDWHQHVV RI WKLV 9D5 PHDVXUH� 7KH XVH RI WKH

SDUDPHWHUV RI WKH KHFWLF GLVWULEXWLRQ DOORZV WR SHUIRUP VWUHVV WHVW DQDO\VHV

XVLQJ FRUUHODWLRQV DQG YRODWLOLWLHV RI WKH KLJK�YRODWLOLW\ SHULRGV� WKHVH SHULRGV

DUH LGHQWLnHG E\ WKH SURFHGXUH YLD WKH SRVWHULRU SUREDELOLWLHV�
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,I SRVVLEOH �L�H�� LI WKH QXPEHU RI ULVN IDFWRUV LV QRW WRR ODUJH�� LW DSSHDUV

WKDW WKH PXOWLYDULDWH �IXOO GLPHQVLRQDO� DSSURDFK VKRXOG EH XVHG� 2QO\ ZKHQ

ZH GHDO ZLWK D YHU\ ODUJH QXPEHU RI YDULDEOHV ZH PD\ EH IRUFHG WR XVH

WKH ELYDULDWH DSSURDFK� EXW LQ WKLV FDVH WKH HVWLPDWLRQ RI SDUDPHWHUV ZRXOG

EHFRPH YHU\ H[SHQVLYH IURP D FRPSXWDWLRQDO SRLQW RI YLHZ�
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